The refraction of an optical vortex at a nonlinear refractive index interface in a nematic liquid crystal is studied using modulation theory and numerical solutions. It is found that the refraction of an optical vortex differs in fundamental ways from the refraction of an optical solitary wave. This is due to an optical solitary wave having an inherent instability mode which can be triggered if it interacts too strongly with the interface, leading to the break-up of the vortex into solitary waves. Vortex refraction is studied using both an approximate modulation theory, based on an averaged Lagrangian formulation of the governing equations, and numerical solutions. Excellent agreement is found between the approximate analytical theory and numerical solutions.
I. INTRODUCTION
Nematic liquid crystals form an ideal medium in which to study nonlinear optical effects as their "huge" nonlinearity means that such effects occur over millimetre distances for beams of milliwatt power levels [1, 2] . Two, that is (2 + 1), dimensional solitary waves are stable in a nematic liquid crystal as this medium is what is termed nonlocal, in that the response of the liquid crystal to the optical beam extends far beyond the waist of the beam. This nonlocal behaviour arrests the usual catastrophic collapse [3] of a (2+1) dimensional solitary wave governed by a nonlinear Schrödinger (NLS)-type equation [1, 4, 5] . The behaviour of optical solitary wave beams, termed nematicons, in nematic liquid crystals has been extensively studied since their initial experimental demonstration [2] , see, for example, [1, 4, 5] and references in [6] . Much of this work has been driven by the possible applications of nematicons to all optical devices based on nematic liquid crystals [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] .
As well as optical solitary waves, nematic liquid crystals can support the stable propagation of another type of nonlinear optical beam, the optical vortex, a type of solitary wave with a ring-like structure whose phase increases by an integer multiple n of 2π, the integer n termed the charge of the vortex [3] . The amplitude of the vortex is 0 at its centre to compensate for the phase singularity there. Optical vortices have a number of applications in scientific fields ranging from biology to astronomy [17] . In particular, the amplitude minimum at the centre of the vortex can be used to trap and manipulate small objects, including cells [17] . The behaviour of an optical vortex in a nematic liquid crystal has received much less attention than a nematicon. In a local medium, an optical vortex is unstable to a symmetry breaking azimuthal instability. For the charge 1 vortices to be considered here, the vortex is unstable to a mode 2 azimuthal instability, so that the vortex pinches off at diagonally opposite points and splits into two solitary waves. However, in nonlocal media with sufficiently high nonlocality the nonlocal response can stabilise a charge 1 vortex, but not higher charge vortices. This instability and restabilisation in nonlocal media has been investigated both numerically [18] and analytically [19] . In a nematic liquid crystal the nonlocal response of the nematic stabilises the vortex due to the optical axis being non-zero in the neighbourhood of the phase singularity [19] . In the local limit of the nematic equations, the optical axis is 0 at the phase singularity, so that the vortex is unstable [19] . Optical vortices have been experimentally generated in nematic liquid crystals, both singly [20, 21] , as incoherently interacting pairs [22] and as arrays [23] , and in cholesteric liquid crystals [24] . They have also been experimentally generated in colloidal media [25] . The equations governing nonlinear optical beam propagation in colloidal media are similar to those for beam propagation in a nematic liquid crystal [26, 27] .
In the present work the refraction of an optical vortex at a nonlinear refractive index interface in a nematic liquid crystal will be investigated using both modulation theory and numerical solutions. The refractive index interface is formed by using two independent external, biasing static electric fields to pre-tilt the nematic molecules at two different angles, as in the experiments of Peccianti et al [28] . The experiments of Peccianti et al [28] involved the refraction of a nematicon, rather than an optical vortex, but the experimental set-up is the same. While the refraction of a nematicon and an optical vortex have some similarities, they also have distinct differences due to the different stability properties of a nematicon and a vortex. The refraction of a nematicon to a more optically dense medium resembles the equivalent geometric optics refraction of light [28, 29] . However, for the refraction of a nematicon to a less optically dense medium, non-specular total internal reflection regimes exist, which depend on the angle of incidence [28] [29] [30] . These include Goos-Hänchen reflection [31] , whereby the nematicon enters the less dense medium, but is refracted back and re-enters the original medium, and total internal reflection without impinging on the interface. Both these forms of non-specular reflection are due to a nematicon being an extended object, so that it can have different portions on different sides of the interface. In principle, an optical vortex could also show non-specular reflection at an interface to a less optically dense medium. However, it is shown that the interface triggers the basic mode 2 azimuthal instability of the vortex due to it being in close proximity to the interface for an extended distance for angles of incidence for which non-specular reflection could occur. It is found that the angle of refraction of the vortex as given by modulation theory is in excellent agreement with numerical solutions, for refraction to both more and less optically dense regions. Good agreement for the trajectory is also obtained when the vortex splits into two nematicons. This is found to be due to overall momentum conservation.
II. GOVERNING EQUATIONS AND MODULATION THEORY
Let us consider a planar cell containing a nematic liquid crystal with the boundary condition at the cell walls arranged so that the molecular director, or axis of the nematic molecules, lies in the (x, z) plane. To induce a refractive index change across the nematic two independent, external biasing static electric fields are applied across its thickness [28] . The nematic director can then have two independent orientations measured from the direction z down the cell, resulting in two regions of different refractive index via the nonlinear dependence of the refractive index of the nematic on the director orientation [4, 32] . A coherent beam of light in the form of an optical vortex is then introduced into the cell and propagates down it. To define the coordinate system, let us take the direction of polarisation of the extraordinary light beam and the external electric fields to be in the x direction, which is across the cell thickness. As stated, the z direction is down the cell and the y direction completes the right handed coordinate system. In the paraxial approximation the nondimensional system of equations governing the evolution of the vortex is [4, 5, 32] 
Here E is the complex valued envelope of the electric field of the optical beam. The parameter ν measures the elastic response of the nematic and is large, O(100), in the usual experimental regime [33] , so that the response of the nematic is termed nonlocal as it extends far beyond the waist of the beam. The parameter q is proportional to the square of the external biasing electric field [4, 5] . The pre-tilt of the nematic due to the external biasing field is ψ b . The total angle made by the director to the z direction is ψ = ψ b + θ. For the usual milliwatt beam power levels [2] , the extra rotation caused by the beam is small, |θ| ≪ |ψ b |. As shown in [29] , the governing equations (1) and (2) are valid in this small extra deviation limit. Finally, δ is the walk-off angle between the Poynting vector and the wavevector of the extraordinary beam.
In the small deviation limit |θ| ≪ |ψ
where
⊥ is the optical birefringence and n and n ⊥ are the refractive indices for fields parallel and perpendicular to the optic axis, respectively [32] . In the present work the typical values n = 1.6954 and n ⊥ = 1.5038 will be used, which are for the nematic E7 at room temperature in the near infrared at wavelength 1.064 µm [32, 34] . While the governing equations (1) and (2) have been introduced in the context of nonlinear beam propagation in nematic liquid crystals, they are more general and describe nonlinear wave propagation in a diverse range of media for which nonlinearity is coupled with some diffusive phenomena [35] .
The director equation (2) can be solved via a Green's function G to give
where G is expressed in terms of the modified Bessel function K 0 [19] . The electric field equation (1) then becomes
which has the Lagrangian
As stated above, the external biasing electric field takes two values across the cell. The same electric field geometry will be used as in the original experiments [28, 36] . We then assume that two different static fields are applied through thin film electrodes separated by a straight gap along the line z = µ 1 y + µ 2 . The electric field, and so the resulting director distribution ψ b , then has a jump discontinuity along this line. This approximation of a jump in the media properties is in accord with experiments as the electric field was found to vary smoothly between two constant values over a distance of the order of the gap between the electrodes, about 50µm [30, 36] . We then set
and
As in previous work [19, 37, 38] the electric field will be assumed to be a mode (or charge) one optical vortex of the form
Here r 2 = x 2 +(y −ξ) 2 and φ is the polar angle relative to the centre of the vortex (0, ξ). The first term in this trial function is an optical vortex of amplitude A = awe −1 and width w. The second term represents the low wavenumber radiation which accumulates under the vortex as it evolves [19, 39] . Linearising the electric field equation (1) shows that low wavenumber radiation has low group velocity [40] , so that low wavenumber radiation accumulates under the vortex. Furthermore, this radiation is π/2 out of phase with the vortex as the in-phase component corresponds to changes in the vortex amplitude and width [40] . The low wavenumber radiation forms a shelf of length w under the peak of the vortex, so that g is non-zero in w/2 ≤ r ≤ 3w/2 [19] . The radiation shelf then matches to propagating diffractive radiation, the shedding of which allows the vortex to evolve to a steady state. This shed radiation has a significant effect on the vortex only for large z scales for the nonlocal limit with ν large [39] . As such large propagation distances will not be considered here, the form of this propagating diffractive radiation will not be considered further. A suitable approximation for the director distribution θ is more subtle [19] . The director distribution θ is given by the Green's function solution (4). However, the Green's function kernel involves the modified Bessel function K 0 , so this solution, as it stands, is difficult to use in calculating an averaged Lagrangian from (6) . To overcome this difficulty the nonlocal nature of the director response will be used to calculate an asymptotic solution for θ.
As the nonlocality ν is large and the nematic is a nonlocal medium, relative to the nematic response the vortex in the director equation (2) is a δ function forcing centred at r = w [19, 37, 38] . Furthermore, within the core of the vortex r ≤ w, the director angle θ is essentially constant, again due to the director response being wide and slowly varying [19, 37, 38] . With these approximations in the nonlocal limit, the director equation (2) can be found to have the asymptotic solution
for ν large, where β = 2q/ν. Now that a suitable approximation to the director distribution has been found, the modulation equations governing the refraction of the vortex can be calculated by averaging the Lagrangian (6) [41] . The averaged Lagrangian and the resulting variational, or modulation equations, are given in Appendix A.
III. COMPARISONS WITH NUMERICAL SOLUTIONS
Results from the developed modulation theory will now be compared with full numerical solutions of the nematicon equations governing the vortex. The modulation equations (A2)-(A7) were solved numerically using the standard 4th order Runge-Kutta method. The nematicon equations (1) and (2) were solved using the pseudospectral method of Fornberg and Whitham [42] . The only differences with the method of Fornberg and Whitham are that the electric field equation was advanced in z using the 4th order Runge-Kutta method in Fourier, rather than real, space. The sharp interface along y = µ 1 z + µ 2 can cause spurious oscillations and distortions in the numerical solution. To overcome this the interface, that is ψ b and q, were smoothed using tanh(y − µ 1 z − µ 2 )/w t to link the orientations ψ bl and ψ br and q l and q r on the two sides of the interface. A small width w t produces a sharp, smooth interface with the numerical solution displaying no spurious effects, the main one of which is an unphysical beam deformation. This smoothing of the interface is in accord with the experimental set-up as the electrodes producing the biasing electric fields were separated by about 50µm, with the electric field varying smoothly between the two constant values over this distance [30, 36] . The numerical y position of the vortex is calculated as its centre of mass position
Let us first consider refraction to a more optically dense medium. Typical results are shown in Figure 1 . This figure shows comparisons between the final propagation constant after the vortex is well past the interface as a function of the initial propagation constant, as given by the full numerical and modulation solutions. Both a direct comparison and the absolute e and percentage errors e p in the modulation solution are shown. It can be seen that there is excellent agreement between the numerical and modulation solutions, with the error generally being less than 5%. The percentage error e p becomes large above V 0 − ∆ l = 0 to V 0 − ∆ l = 0.1 as the angle of refraction V f − ∆ r is close to 0 and so these errors are being calculated with a small divisor. It can be seen from Figure 1 (a) that there is no abrupt change in the comparison between the numerical and modulation solutions in this region and from Figure 1(b) , no abrupt change in the absolute error e. On the whole, these results for the refraction of a vortex to a more optically dense medium are similar to those for the refraction of a nematicon (solitary wave) [29] . The change in the angle of propagation across the interface is O(5 o ), which is the same order as for the refraction of a nematicon [28, 29] . In experiments on nematicons, changes in the angle of propagation of up to 18 o were obtained [28] . However, the change in the angle of propagation depends on the jump in the values of ψ and q as these parameters depend on the size of the two pre-tilting electric fields [29, 33] .
Let us now consider refraction to a less optically dense medium. The equivalent refraction of a nematicon displays a complicated range of behaviour, depending on the initial propagation angle relative to the interface [28] [29] [30] 36] . In addition to the usual refraction to the second medium and total internal reflection of ray theory, a nematicon can also show Goos-Hänchen reflection [31] whereby its centre refracts into the less dense medium, before re-entering the original medium, and total internal reflection without its centre actually touching the interface. These two latter types of reflection are due to a nematicon not being a point particle, but an extended object, so that when it is close to the interface it can respond to the refractive indices on both sides of it. Figure 2 displays the same propagation constant comparison between the numerical and modulation solutions and the absolute and percentage errors for the modulation results compared with the numerical data as in Figure 1 . It can be seen that up to V 0 − ∆ l = 0.9 the agreement between the numerical and modulation solutions is similar to that of Figure 1 . Again, for V 0 − ∆ l between −0.1 and −0.02 the percentage error e p becomes large due to the angle of refraction V f − ∆ r being near 0. Figures 2(a) and (b) show no abrupt change in this range. As for refraction to a more optically dense medium, the change in propagation angle is O(5 o ), up to about 10 o , similar to that for the equivalent refraction of a nematicon [28, 29] . The increasing difference above V 0 − ∆ l = 0.9 is a result of a fundamental difference between a nematicon and an optical vortex, which will now be discussed. Figure 3 shows numerical solutions for |u| for V 0 = 1.3, which gives V 0 − ∆ l = 1.1803, at z = 0, z = 20 when the vortex reaches the interface at y = 10 and z = 120 when the beam is still in the vicinity of the interface, which is at y = 160. It can be seen from the vortex at z = 20 in Figure 3 (b) that the interface perturbs the vortex profile, with the solution at z = 120 showing that the vortex has been destroyed and has formed two nematicons, solitary waves, with one nematicon on either side of the interface. The equivalent refraction of a nematicon shows no such instability [28, 29] . A charge 1 optical vortex has a mode 2 azimuthal instability if the nonlocality ν is not large enough [18, 19] . This instability pinches off the vortex width in a symmetrical fashion, so that it breaks up into two solitary waves. For a vortex in a uniform medium, if the nonlocality ν > 100, then the vortex is stable against this azimuthal mode [18, 19] . So in a uniform nematic, the vortex of Figure 3 is stable. The destabilising effect of the interface can be seen in Figure 3(b) . The interface has perturbed the vortex in a manner broadly similar to a mode 2 azimuthal perturbation. For V 0 < 1.1 the vortex refracts through the interface and does not stay close to it for a long range of z. However, for V 0 > 1.1 the vortex is close to total internal reflection and propagates close to the interface for an extended range of z. This close proximity to the boundary for an extended range of z forces the unstable azimuthal mode long enough to cause the vortex to become unstable and split into two nematicons, as in Figure 3(c) . A contrary example for V 0 = 0.5 of a vortex refracting through the interface and remaining stable is shown in Figure 4 , which shows the vortex well after it has passed through the interface, which is at y = 40 at z = 40. The vortex has returned to a uniform state and resembles the initial vortex shown in Figure 3(a) .
In the non-paraxial approximation a similar effect due to close proximity at a low angle of incidence relative to a refractive index interface for an extended distance occurs for the refraction of solitary waves [43] . In this work, the change in nonlinear refractive index was chosen so that the solitary wave broke up into multiple solitary waves after refraction. It was found that a non-paraxial solitary wave breaks up into more solitary waves than predicted by paraxial theory when the angle of incidence was low, so that the incident solitary wave propagates close to the interface for an extended distance. The actual stability analysis of the current interface effect for a vortex would be non-trivial as the related eigenvalue problem would be non-autonomous. Due to this inherent instability of a vortex, Goos-Hänchen reflection and total internal reflection, as seen in the refraction of a nematicon [28, 29] , will not occur. The trial function (9) does not include dependence on the polar angle φ and so cannot fully capture the instability mechanism of the vortex [19, 37, 38] . However, for V > 1.18 the modulation equations show instability. The modulation amplitude shows a large oscillation as it approaches the interface, which corresponds to the vortex width becoming small, after which the amplitude goes to 0. The small vortex width is mimicking the pinching off of the width vortex instability [19] . The modulation analysis then captures the essentials of the instability of the vortex due to the boundary with the critical value V = 1.18 for instability in excellent agreement with the numerical value of V = 1.1.
Remarkably, Figures 2(b) and 2(c) show that even when the vortex splits into two nematicons, the modulation theory position is still in good agreement with the numerical centre of mass position (11) , with the percentage difference e p only going up to ∼ 10%. This is due to overall momentum conservation and shows that when the vortex splits, it does not shed much mass and momentum into diffractive radiation. Experiments with nematicons obtained changes in angles of propagation of up to 22 o for propagation into a less optically dense nematic [28] , greater than the 10 o obtained here. However, these larger angles were for the case of total internal reflection, for which the vortex is unstable. Furthermore, as for refraction to a more optically dense medium, the change in angle depends on the voltage difference of the pre-tilting electric fields, and so on the changes in the values of ψ and q. Finally, in principle, increasing the nonlocality should stabilise the vortex. However, even an unrealistically large value ν = 1000 did not stop the vortex breaking up into nematicons.
IV. CONCLUSIONS
The refraction of an optical vortex at an interface between two regions of different refractive index in a nematic liquid crystal has been investigated using both modulation theory and full numerical solutions of the governing equations. A nematic liquid crystal is a specific example of a nonlinear, nonlocal optical medium and the results obtained here would transfer over to other such media [35, 44] . The refraction of a vortex displays distinct behaviour, depending on whether it propagates into a more or less optically dense medium. Refraction to a more optically dense medium is similar to the equivalent refraction of a nematicon [28, 29] . As for the refraction of a nematicon, excellent agreement was found between modulation theory results and numerical solutions, with the change in propagation angle of the vortex being similar to that for a nematicon.
Refraction of a vortex to a less optically dense medium shows major differences to the equivalent refraction of a nematicon [28, 29] . Unlike a nematicon (solitary wave), an optical vortex has an unstable azimuthal mode, which can be triggered if the vortex propagates for too far too close to the interface. In a related context, it has been found that if an optical vortex in a nematic liquid crystal cell propagates too close to the cell walls it can become unstable, even if the nonlocality is large enough so that it is stable away from the boundary [45, 46] . However, this effect is different to that investigated here in that as it is the non-zero value of the optical axis perturbation under the vortex which stabilises it, the cell walls destabilise the vortex as, due to the anchoring conditions, the optical axis is fixed there. In the present context, the vortex is an extended structure and can have portions on both sides of the interface. The resulting shape perturbation can then trigger its azimuthal instability.
Optical vortices are inherently less stable structures than optical solitary waves, nematicons. It is then of interest to study the behaviour and stability of optical vortices in nematic cells with varying properties and refractive index [7-15, 33, 47] . Such variations in refractive index in a cell are the basis for proposed applications of nonlinear optical beams in liquid crystals as they allow the trajectory of the beam to be controlled.
Appendix A: Modulation Equations
The trial function (9) for the electric field and the Green's function solution (4) for θ, based on the approximation (10) , are now substituted into the Lagrangian (6).
Integrating in x and y from −∞ to ∞, that is averaging, extended into r < w. This is a valid approximation for large ν as the error involved is O(ν −1 ). Without this approximation, the integrals could not be evaluated due to the change across z = µ 1 y + µ 2 .
